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If R is a subring of the commutative ring S and if Y is the set of subrings 
of S containing R, we consider conditions under which .Y is closed under 
addition. If S is the total quotient ring of R and if Y is closed under addition, 
then R is a A-ring. An integrally closed domain D is a A-ring if and only if D 
is a Prtifer domain. In general, a Prtifer ring is a A-ring and the integral closure 
of an additively regular A-ring is a Priifer ring. 
1. IXTRODCCTION AND PRELIMIXARY RESULTS 
All rings in this paper will be commutative and associative. If  R is a subring 
of the ring S and if RI is a subring of S containing R, then R’, is called an 
S-ovemhg of A. If  K is the total quotient ring of R and if RI is a K-overring 
of R, then we say simply that R, is an overring of R. 
Suppose that R and S are rings such that R is a subring of S. If  R, and R, 
are S-overrings of R, then R, + R, is an R-submodule of S. It need not be 
true, however, that RI + R, is a subring of S, since RI + R2 may not be 
closed under multiplication. We wish to investigate conditions under which 
the sum of two arbitrary S-overrings of R is again an S-overring of R. 
DEFINITION. Let R be a subring of the ring S. If  RI + R2 is a subring 
of S for each pair RI , R, of S-overrings of R, then S is called a A-extemion of 
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R. If S is the total quotient ring of R and if S is a A-extension of R, then R 
is called a d-ring. A A-ring which is an integral domain is called a A-domain. 
The following proposition gives some basic, yet useful, characterizations 
of A-extensions. 
PROPOSITION 1. Let R be a subring of the ring S. The following conditions 
aye equivalent. 
(1) S is a A-extension of R. 
(2) R[s,,s, ,..., sJ :-~C~=lR[s,],foraZZs,,s, ,..., s,ES. 
(3) R[s, t] = R[s] -t R[t], JOY aZZ s, t E S. 
(4) R[s] + R[t] is a subring of S, foT all s, t E S. 
(5) st E R[s] + R[t], for aZZ s, t E S. 
Proof. (1) -+ (2): If sr , s2 ,..., s, E S, then R[s, , sp ,..., sn] 1 C%, R[s,]. 
On the other hand, CrL, R[si] is a ring containing R and (si), and hence 
Rh , $2 >..., sn] C Cf=, R[sJ. 
(2) ---f (3) -+ (4) --t (5): Obvious. 
(5) -+ (1): Let RI and R, be S-overrings of R. We need only show that 
R 1 + & is closed under multiplication. If s E R, and t E R, , then 
st E R[s] .i- R[t] C R, + R, . Q.E.D. 
PROPOSITION 2. Let R be a subring of the &g S, let S* be a ring obtained 
from S by a canonical adjunction of an identity element e to S, and Zet R* be the 
subring of S* generated by R and e. Then the following conditions are equivalent: 
(1) S is a A-extension of R. 
(2) S” is a A-extension of R*. 
Proof. The proof of this result is straightforward and we omit it. For 
information on canonical adjunction of an identity clement e to S see, e.g., 
[5, p. 4. 
By Proposition 2, if S is a A-extension of R, then there is no loss of generality 
in assuming that R and S have a common identity. Hence throughout the 
remainder of this paper we assume (with one exception, which we note 
immediately) that every ring has an identity, and if R is a subring of the ring 
S, then R and S have a common identity. The only exception we make to 
this convention is in considering complete direct sums. If R, is considered as 
a subring of @ R, , then we obviously do not assume that RN and @ R, have 
the same identity. 
In Section 2 we prove that a necessary and sufficient condition for a field 
K to be a A-extension of a subfield F is that the set of fields between K and F 
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be linearly urdercd under inclusion. It isn’t surprising that the situation is 
much more complicated in the ring theoretic case. Thus, the rest of the paper 
is concerned with unraveling the theory of A-extensions for rings (Section 3) 
and for integral domains (Sections 4 and 5). 
In Section 3 we prove that a Priifer ring is a A-ring. The converse fails, 
even for domains, for a A-domain need not be integrally closed. But by the 
introduction of the concept of an additively regular ring, a generalization 
of rings with few zero divisors, we prove that the integral closure of an 
additively regular A-ring is a Priifer ring; in particular, the integral closure 
of a A-domain is a Priifer domain. We also show in Section 3 that a ring R 
is a A-ring if and only if Ry,, , the large quotient ring of R with respect to M, 
is a A-ring for each regular maximal ideal M of R (Theorem 3). I f  R is an 
integral domain, then RM -2 RrlMl . Hence the study of A-domains can be 
reduced to the study of quasilocal A-domains. We make this reduction in 
Section 4. 
In an earlier paper, WC developed a theory of T,-domains [7]. A TI- 
(respectively, T,-, Ts-) domain is a domain D with the property that T(AB) = 
T(A) + T(B) fur all (respectively, for all finitely generated, for all principal) 
ideals A and B of D, where T(A) is the Nagata transform of the ideal A [12]. 
Hence [7] is concerned with the question of whether the sum of the two overrings 
T(A) and T(B) is an ideal transform. This is a motivating factor behind our 
study of A-rings. In considering A-domains, we replace overrings of D of the 
form T(A) by arbitrary overrings of D and we ask if the sum of two such 
overrings is again an overring. In general, neither the A-property nor the 
Ti-property implies the other. Nevertheless, there are several interesting 
relations between these concepts. The purpose of Section 5 is to investigate 
these connections. 
An element x of the ring R is a regular element of R if x is not a zero divisor. 
An ideal A of R is regular if A contains a regular element. A quasilocal ring 
is a ring R with a unique maximal ideal M. The symbol (R, M) means that 
R is a quasilocal ring and M is its unique maximal ideal. I f  0’ is a subset of R, 
then R - U =: {X E R: x $ U}. The symbols C and C will be used for 
containment and proper containment, respectively. 
2. THE A-PROPERTY I;OR FIELD EXTEXSIOXS 
The main purpose of this section is to show that a field K is a A-extension 
of a subfield F if and only if the set of subfields of K containing F is linearly 
ordered by inclusion. Although we are primarily interested in fields, some of 
our preliminary lemmas arc true in a more general setting. 
LEMMA 1. Let S be a ring, let F and K be sub>elds of S, and assume tlzat F 
is contained in K. If S is a jnite-dimensional vector s$ace over K and if K is a 
Jinite-dimensional vector space over F, then [S : F] -= [S : K]fK : F]. 
Proof. This proof is identical to the case where S is a field. 
LEMMA 2. Let R be a ring, let F1 and E; be subfields of pi, and let 
[Fi: F1 n F.J = yi be jinite for i --: 1, 2. If F1 f  Fz is a subring of R, then 
FiLFzorFsLFE;. 
Proof. T f  S ::: F1 f  Fz is a subring of R, then S is a vector space over 
both F1 and Fz . Let F = F1 n F2 . Consider F1 , F, , and S as vector spaces 
over F. Then, 
dim,(S) = dimr(F1) f  dim,(F,) - dim,(Fr n FiJ 
-- l+Tq- _ 1. 
By Lemma I, dim,(S) = rl dim,l(S) = r2 dimFz(S). Thus Y% divides r2 - 1 
and y2 divides rr --- I.Ifr, >r,,thcnr, = landF, ==F,nFzLFt. 
Q.E.D. 
LEMMA 3. If  R and S aye rings such that 5’ is a A-extension of R, then S is 
algebraic over R. 
Proof. Ifs c S, then s5 E R[+‘] + R[9]. 
?hxxmf 1. Suppose that F is a subfield of a$eld K. Then K is a A-eaten- 
sion of F if and only if the set of sub$elds of K containing F is linearly ordeered 
by inclusion. 
Pmqf. Assume that the set of subfields of K containing F is linearly 
ordered by inclusion. If  s E K, then s2 EF(?) or Ss “F(9), and hence s is 
algebraic over F. Thus K is an algebraic extension of F, and therefore the set 
of subfields of K containing F coincides with the set of subrings of K con- 
taining F; consequently, K is a A-extension of F. 
Conversely, suppose that K is a A-extension of F, and that F1 and F2 are 
subfields of K containing F. Moreover, assume that there is no containment 
relation between F1 and F, . Choose XEF~-F~ and ~EF,-F~. By 
Lemma 3, x and y  are algebraic over F, and Lemma 2 implies that F(x) C F(y) 
or F(y) C F(x). Since this is a contradiction, we must have F1 C Fz or 
F; GF,. Q.E.D. 
Remark. If  F is a subfield of the field K, and if for any pair F1, Fz of 
intermediate Jields, F1 + Fz is a subring of K, then K is a A-extension of F. 
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To prove this, we need only show that K/F is algebraic. This follows from 
Lemma 2; if X E K is transcendental over F, then F(X2) + F(X3) is not a 
subring of F(X), for F(X6) _C F(X2) _C F(X), F(X6) C F(Xa) 2 F(X), and 
F(X)/F(X6) is finite-dimensional, but F(X2) $ F(X3) and F(X3) $ F(X,). 
TIIEOREM 2. Let D be a subring of an integral domain J, and let K and F 
be the quotient$elds of J and D, respectively. If J is a A-extension of D, then: 
(1) K is algebraic over F; 
(2) ifFCK, then JnF = D; 
(3) if [K : F] > 2, then the integral closure of D in F is a Priifm domain. 
Proof. (1): Apply Lemma 3. 
(2): Choose s E J -F. If  f (X) is th e minimal polynomial for s over F, 
then f (X) has degree > 1. There is an element d # 0 in D such that df (X) 
is in D[X]. Then ds = u is integral over D and the minimal polynomial 
d”f (X/d) for u over F is in D[X]. Consequently, D[u] is a free D-module with 
free D-module basis {I, u,..., @-I}. I f  x E Jn F, then xu E D[x] + D[u], 
and so 
xw=afd ,, + d+ + 1.. + dn-lun-l, 
where a E D[x] _C F and each di ED. Thus x = dl E D, and therefore 
JnF-D. 
(3): Claim: If  each element of J - F has degree 2 overF, then [K : F] =. 2. 
Let x, y  E J and suppose that x $8’. I f  y  E F, then y  E F(x). I f  y  $ F, then 
we choose, as in the proof of (2), nonzero elements dl , d, E D such that 
xd, = v, and yd, -2 v2 have minimal polynomials of degree 2 over F and 
such that these minimal polynomials arc in D[X]. But viva E D[vl , v2] = 
D[vl] + D[v,], and so viv2 = a, + a,v, + 6, + b,v, , where ai , bi E D. 
Then (vr - b,) vp =: a, + b, $ arv, E F(vl). Since x 6 F, vi - 6, # 0, which 
implies that v2 E F(v,); thus y  E F(x). It follows that K -= F(x), which proves 
the claim. 
By the claim, there exists some s E J -- F of degree > 2. Let u be an element 
of J constructed from s as in the proof of (2). Then for any x, y  E IT), 
xuy~ E D[xu] f  D[yu], and 
xy9 Z a, + a,xu -I- a2(xu)2 + .*e + an-l(xu)+l 
-I- b, f  b,yu + b,(yu)2 -I- *a. + b,-l(yu)“-l, 
where ai , bi E D. Therefore xy : = a2x2 -I- b,y”, which implies that (x, y)” = 
(x2,y2). But this is enough to conclude that the integral closure of D in K 
is a Priifer domain [14, p. 321. QED. 
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COROI,~ARY I. If K is aJield, if D is a subring of K, and if K is a A-extension 
of D, then D is ajeld or D has quotient$eld K. 
Proof. Apply part (2) of Theorem 2. 
If  [K : F] = 2, then th e conclusion in part (3) of Theorem 2 need not hold. 
To see this we need the following lemma. 
LEMMA 4. Let R he a subring of the ying S. If  there is an s E S such that 
{ 1, sj is an R-module basis for S, then S is a A-extension of R. 
Proof. Let x, y  E S and write x = a, --- a,s, y  -- b, -i-- b,s, where a, , 
b, E R. Since s2 7: c -- ds for some c, d E R, we have xy - - (ash, L a,b,c) + 
(a,b, --t- alb, f  a,b,d)s. But (a,,b, + aIbO + a,b,d)s = boaIs -i (a, -+ a,d) b,s E 
R[a,s] + R[b,s], and so xy E R[x] +- R[y]. Q.E.D. 
EXAMPI.E 1. If  K is a field and if X, Y are indeterminates over K, then 
K[X1i2, Y] is a A-extension of K[X, Y] and [K(XT, Y) : K(X, Y)] =: 2. 
But K[X, Y] is integrally closed and is not a Priifer domain. 
3. A-RISGS 
In this section we assume that R is a ring with total quotient ring K. 
(Recall that we are assuming throughout that all rings have an identity). Let N 
be a multiplicatively closed subset of R. We are interested in the following 
two types of quotient rings. 
(a) Rch’) = {a/b: a, b E R, b a regular element of N). 
(b) R,, = (x E K: zs E R, for some s EN}. 
The ring RINl is called the large quotient ring of R with respect to N, and was 
introduced by Griffin in [8]. I f  P is a prime ideal of R, then we write Rep) and 
RIPI in place of R(, +) and RtR+ , respectively. Suppose that S is an R- 
submodule of K. For a prime ideal P of R, define [S] RY, = {x E K: xu E S, 
for some zt E R - P}. This is a slight generalization of a similar definition 
given by Larsen in [9]. It is clear that for each multiplicatively closed set N 
in R, 4~ C RiN] . Also, if R is an integral domain, then RcN) = RIwl -: RN I 
Our first goal of this section is to show that R is a A-ring if and only if RIMl 
is a A-ring for each regular maximal ideal 144 of R. 
LEMMA 5. Let R be a ring and suppose that S is an R-submodule of K. If 
(n/r,},,, is the set of maximal ideals of R and if {MC& is the set of maximal 
regular ideals of R, then: 
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(2) ;f  S 2 R, then 
AS’ = n SRw,,, 2 (I ~RI,I = f-J [Sl%w~ . 
osz OS‘? 0e.z 
Proof. (1): This is an easy generalization of [7, Lemma 31. 
(2): Following Lemma 3 of [7], we need only show that r)oe,s [S] RC,,] Z S. 
If Y E Lx [Sl $M,I 7 then A = {X E R: x3/ E S} is an ideal of R. Since 
y  E K, there is a regular element x E R such that ye E R E S, hence A is a 
regular ideal of R. Since y  E [S] RIM,, , there is an clement u E R - MO such 
that yu G S, and so A $ Mu . Therefore A = R, I E A, and ly = y  E S. 
Q.E.D. 
LEMMA 6. Let the notation be as inLemma 5. I~{s~}~=~ C K, then 
R[s, , s, ,..., sn] ---= G h&l > $2 ,..., 4 
=fi &~JsI 3 sz ,..., snl = (‘-) RI,,[~, , $2 ,..., snl QEZ‘ 
= ,?, 
&M,I[s~ , sz ,..-, GJ. 
PYOOf. If  M is a maximal ideal of R, then R[sl , s2 ,..., sn] RcM) = 
%4) [Sl , s2 ,..., sn] and R[s, , s2 ,..., snl RE~~I = R~.+& , s2 ,..-, 4. Apply 
Lemma 5 to complete the proof. Q.E.D. 
THEOREM 3. Let R be a ring and let (M,,}osz be the set of maximal regular 
ideals of R. 
(1) if R is a A-ping, then eaery oaerring of R is a A-ring. 
(2) If  RcM,) is a A-ring for each (T E 2, then R is a A-Gag. 
(3) If  RIM,, is a A-r&g for each (5 c 2, then R is a A-ring. 
Proof. (1): . b . 1s o vrous, since each overring of an over-ring S of R is also 
an overring of R. 
(2): We prove this result by showing that condition (3) of Proposition 1 
is satisfied. Ifs, t E K, then Lemmas 5 and 6 imply that 
R[s, tl :--: n R(&)[s, tl --_ n h.@[s] -:- %+&I) 
0e.r osz 
= n (R[s] + R[t]) R(,, = R[s] -I- R[t]. 
oaz 
The proof of (3) is identical to the proof of (2). Alternately, (3) follows 
from (1) and (2). Q.E.D. 
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The next series of lemmas leads to the main result of this section, 
Theorem 4. 
LEMMA 7. For a ring R, the following two conditions are equivalent: 
(I) If z E K, then there exists u E R such that z + u is a regular element 
of K; 
(2) ij- z E K and if b is a regular element of R, then there exists u E R such 
that z J- bu is a regular element of K. 
Proof. (I) --j (2): I f  x is a nonzero element of K and if b is a regular 
element of R, then z&-l is a nonzero element of K. Thus there is a u E R such 
that zb-’ .f- u is regular, and hence b(zb --I +- U) -: z -+- bu is a regular element 
of K. 
(2) --f (1) is clear. Q.E.D. 
A ring satisfying the equivalent conditions of Lemma 7 is said to be an 
additively regular ring. Davis [l] defines a ring with few zero divisors to be a 
ring that has only finitely many maximal prime ideals of zero. The set of rings 
with few zero divisors contains the set of integral domains and the set of 
Noetherian rings. 
The reason for considering additively regular rings is that we wish to 
discuss the complete direct sum of rings {R,},,, , where each R, is a ring 
similar to a ring with few zero divisors. The complete direct sum of rings 
with few zero divisors is not necessarily a ring with few zero divisors, but the 
additively regular property, which all rings with few zero divisors possess 
[1, p. 2041, is precisely the property that we need, and it does carry over to 
complete direct sums (see Lemma 9 below). Hence the class of additively 
regular rings properly contains the class of rings with few zero divisors. 
We now state some preliminary results concerning the complete direct sum 
of rings. Let (RJaEA be a collection of rings. Then the complete direct sum of 
(R,} is @ R, = (f : A -+ u R, / f(a) E Ra , for each 01 E A). We omit the 
proofs of Lemmas 8 and 9. 
LEMMA 8. (I) An element f  E 0 R, is regular if and only if f  (a) is regular 
in R, for all CXE A. 
(2) If  K, is the total quotient &g of R, , then 0 KU is the total quotient 
ring of 3 R, . 
LENMA 9. The complete direct sum @ R, is an ndditiveEy regular ring if 
and only if R2, is an additively regular kg for each a: E A. 
Priifer domains have been generalized to rings with zero divisors by several 
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authors. We follow Griffin [S] and call a ring R a Prtifeer ring if each finitely 
generated regular ideal of R is invertible. I f  each regular ideal of R generated 
by two elements is invertible, then R is a Priifer ring [S, Theorem 131. We use 
this characterization of Priifer rings below. 
PROPOSITION 3. The complete direct sum @ Ra is a Prtifer ring ;f and only 
;f  R, is a PrCfr ring for each 01 E A. 
Proof. First, assume that each Ra is a Priifer ring and let a = (f, g) be 
a regular ideal of 0 R, . I f  h is a regular element of a, then h(ol) is a regular 
element of (f(a), g(a)) = B, , for each 01 E A. Choose X, , ya E K, such that 
(x~ , yoL) generates the fractional ideal B;l. Define f  *, g*: A -+ (J K, such 
that f*(a) = x, and g*(a) = ya. Then (f *, g*} generates an @ Ra-sub- 
module a* of @ K, such that aa* = @ R, . 
Conversely, assume that @ R, is a Priifer ring. If  A = (xi , xs) is a regular 
ideal of RE and if b = a,x, + azxz is a regular element in A, then xi , ai can 
be embedded in @ RE as follows: 
Thus a = (fi , fs) is an ideal of @ R, and h = g,f, + gzfi is a regular 
element in a. By the hypothesis, a is invertible, so there is an @ R-submodule 
a* of @K, such that aa* = 0 R, . I f  {fi*,fi*) generates a*, then 
{fi*(4,fi*(41 generates A*, an R,-submodule of K, . Clearly AA* = Ii, . 
Therefore R, is a Priifer ring. Q.E.D. 
A valuation on a ring R is a map v  from R onto a totally ordered additive 
abelian group I’ and a symbol CO such that for all x, y  E R, 
(9 v(v) = v(x) + v(Y), 
(ii) v(x + y) 2 min{v(x), v(Y)>. 
Let T be an extension ring of the ring R and suppose that P is a prime 
ideal of R. Manis [ll] defines the pair {R, P> to be a valuation pair if the 
folIowing equivalent conditions are satisfied. 
(a) If  S is a subring of T containing R and if M is a prime ideal of S such 
that M n R = P, then R = S. 
(b) For each x E T - R, there exists y  E P such that xy E R - P. 
A-RINGS 423 
(c) There is a valuation (v, r) on T such that 
R : (x E T: v(x) 3 01, 
P = {x E T: v(x) > O}. 
In this paper, we assume that the ring T is actually equal to K, the total 
quotient ring of R. 
If  (R, P) is a valuation pair, then R is called a valuation kg. A quasi- 
valuation r&g is a ring R with the property that for each regular x E K, 
either x or x--r is in R. This definition of a quasivaluation ring is more general 
than the one given by Davis in [I]. The next two results are easy generaliza- 
tions of Lemmas 2 and 4 of [8]. 
LEMMA IO. Let R be an additively regular ring. Then R is a valuation ring 
if and only if R is a quasivaluation ring. 
LEMMA 11. Let R be an additively regular ring. If P is a prime ideal of R, 
then RLpl = Rc,) . 
The lemma below is a generalization of [5, Lemma 16.91 and [16, Lemma, 
p. 191. The proof parallels the proof given in [S]. 
LEMMs 12. Let R be an integrally closed ring, let P be a proper prime ideal 
of R, and let t be a regular element of K that satisfies a polynomialf(X) E R[X] - 
P[X$ Thea t OY t -I is in RlpI , 
Proof. Let f(X) -- fO .+fiX $ ... + fnP. I f  Jo $ P, then 
fO(t--l)?z +f,(t- I)?+1 $. . . . .i.f% == 0, 
and so f&-l is integral over R. But R is integrally closed, and thus fat-l E R, 
which implies that t-r E RfpI , Similarly, iffn $ P, then fnt E A, and t E RIPl . 
We assume that fO , fn E P and choose i such that frz ,..., fi+l E F’, .fi $ P. 
Then fntn + “. -1. fi$ _-_ .+-p - ... -f. . Multiplying this equation 
by (t-J)i yields 
a =f,t+i + . . . : fi = -fiplt-l _- .I. -fo(t-l)i* 
Since a! E R[t] n R[t-I], 01 is integral over R [5, Lemma 16.21, and 01 is 
therefore in R. If  01 E P, thenf, - 01$ P, andf,tn-i -+- ‘.. -+ fi+=t + (fi - a) = 0. 
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By an earlier case t-l E Rtpl . I f  01$ P, thenf,(t-l)i f- ... + fi-rt-l +- 01 = 0 
implies, also by an earlier case, that t E RlpI . Q.E.D. 
We prove the main result of Section 3. 
THE~REIVI 4. (1) A Prefer ring is a A-ring. 
(2) Th e in e ra c osure of an additively regular A-ring is a Prefer ring. t g I I 
Proof. (I): By(2)of Th eorem 3, it suffices to prove that a Priifer valuation 
ring R is a A-ring. We show, in fact, that the set of overrings of R is linearly 
ordered by inc1usion.l Thus if T is an overring of R, then T is a Priifer 
valuation ring [lo, Exercise 17(e), p. 2501 and T = RCMnRI , where M is 
the maximal regular ideal of T [lo, Exercise 12(b), p. 24X]. Kow M n R is a 
regular prime ideal of R and the set of regular primes of R is linearly ordered 
by inclusion since R is a Priifer valuation ring [IO, Exercise 10(c), p. 2481; 
consequently, the set of overrings of R is linearly ordered by inclusion and 
R is a A-ring. 
(2): Since an overring of an additively regular A-ring is an additively 
regular A-ring, it suffices to prove: an integrally closed additively regular 
A-ring S is a Pri.ifer ring. Thus, let P be a proper prime ideal of S and let x 
be a regular element of K. Since ti E S[x2] + S[x”], x is a root of a polynomial 
f(X) E S[X] such that the coefficient of X5 in f(x) is - 1. By Lemma 12, 
x or x-t is in SIpI . Therefore S is a Ptifer ring [8, Theorem 131. Q.E.D. 
COROLLARY 2. Let R be an additively regular integrally closed ring. Then R 
is a A-ring if and only if R is a PrGfer ring. 
PROPOSITION 4. Let {Ru}asn be a set of rings. For each cx E A, let K, be the 
total quotient ring of Rw . 
(1) If  the complete direct sum @ RR, is a A-ring, then R, is a A-ring for 
each CXE A. 
(2) If  A is$nite and [f each R, is a A-ring, then 0 R, is a A-ring. 
Proof. (1): Let x, y  E K, . Imbed x and y  in @ K, , and use condition (5) 
of Proposition 1. 
(2): Let x, y  E S = @r=, R, and assume that each Ri is a A-ring. 
Choose x, y  E @PC1 Ki , where Ki is the total quotient ring of Ri . Then 
1 Our apologies; we have not been able to find this result in the literature, although 
it follows from several exercises in [lo]. 
x -= (Xl , x2 )... %A 
We choose Y sd that 
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y  = (yl , yz ,..., y.,), and xy --; (xiyi , znys ,..., boy& 
Therefore xy E S[x] f  Sly]. Q.E.D. 
In general, part (2) of Proposition 4 is not true for infinite complete direct 
sums. A counterexample will be given in Section 4. If  R is a ring and if 
V&/t is a family of subrings of R, (R,),,, is said to be an ascending net if: 
(i) for all h, , )L2 E A, there exists ha E A such that R,1 and R,z are 
contained in RiA3; and 
(ii) if RA1 C R, ‘, , then regular elements of RA1 are regular in R, . 2 
PRQPOSITION 5. If  (Rn}nEn is an ascending net of A-rings, then R = u RA 
is a A-ring. 
Proof= It is straightforward to prove that condition (3) of Proposition 1 
holds in R, since it holds in each R, . Hence R is a A-ring. 
As an application of Theorem 4, we determine all fields that are A-exten- 
sions of their prime rings. If  p is a prime integer, then GF(pt) is the field 
consisting of pt elements. 
PROPOSITION 6. If  a $eld K is a A-extension of its prime ring, then K has 
one of the following three forms: 
(1) GF( pt), where t is a power of a prime integer; 
(2) GF(pqm) = u,“=, GF( pqn), where q is a prime integer; 
(3) $I, the jield of rational numbers. 
Proof. Let K be a field that is a A-extension of its prime ring. Then it 
follows from Theorem 1 that the set of subfields of K is linearly ordered by 
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inclusion. Hence K = GF(pt), K : GF( pgm), or K has characteristic 0. 
I f  K has characteristic 0, then since K is a A-extension of the ring of integers 
2, Corollary 1 implies that K -L:: Q. 
Conversely, if K = GF( ~9) or GF( pg”), then the set of subrings of K is 
linearly ordered by inclusion. If  K = Q, then the set of subrings of K with 
identity is the set of overrings of Z. By Theorem 4,Z is a A-domain; hence K 
is a A-extension of its prime ring. Q.E.D. 
hOPOSITION 7. Let S and R be rings and let B be an ideal of S. 
(1) If  S is a A-extension of R, then S/B is a A-extension of R/R CT B E 
(R + BP. 
(2) If  B is a common ideal of R and S, and a7 S/B is a A-extension of RIB, 
then S is a A-extension of R. 
Proqf. (1): Let 4 be the canonical map of S onto S/B and let JJr , Hs 
be subrings of S/B containing (R + B)/B. Then +-l(Hi) = R, is a subring 
of S containing R $ B so that R, $- R, is a subring of S. Therefore 
$(R, + R,) .= HI ..I- Hz is a subring of SIB. 
(2): I f  R, and R, arc subrings of S containing R, then B is a common 
ideal of Rl and R, . Hence R,IB and R,,lB are subrings of SIB containing R/B. 
Since RJR + R,/B := (RI -/- R,)lB is a subring of SIB, Rl f  R, is a subring 
of S. Q.E.D. 
We close this section with an example of a valuation ring that is not a A-ring. 
EXAMPLE 2. Let D = K[X, Y] b 1 p ly L a o nomial ring in two indeterminates 
over a field K, and let {lWJnEr, be the set of maximal ideals of D not containing 
Y. We let N be the weak direct sum of the family (D/Mh}hEfl of D-modules, 
and we define R,, = D + N to be the idealization of D and N [13, p. 21. 
Gilmer has shown [4] that R, is a valuation ring, but not a Priifer ring. We 
show that R,, is not a A-ring. The total quotient ring of R, is K[X, Y] [ 1 / Y] + N. 
By Proposition 7, RO is a A-domain if and only if K[X, Y][l/Y] is a A-cxten- 
sion of K[X, Y]. Since X5/Y5 4 K[X, Y][Xa/Yz] -j- K[X, Y][Xa/Y3], R, is 
not a A-domain. 
We know no example of an integrally closed A-ring that is not a Pri.ifer ring. 
4. A-DOMAINS 
From Theorem 3, we know that a domain D is a A-domain if and only if 
D,,, is a A-domain for each maximal ideal M of D, and from Theorem 4 we 
have that if D is an integrally closed domain, D is a A-domain if and only if D 
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is a Prtifer domain. In this section we make a further investigation of A- 
domains. We begin by exhibiting a class of domains with the A-property that 
are not necessarily Priifer domains. A domain D is said to be a QQR-domain if 
each overring of D is the intersection of quotient rings of D. These domains 
have been studied in [l, 3, 61, and it is known that the class of QQR-domains 
properly contains the class of Prtifer domains [6, p. 1451. 
THEOREM 5. A QQR-domain is a A-domain. 
Proof. I f  D is a QQR-domain, then DM is a QQR-domain for each maximal 
ideal M of D [6, Th eorem 1.91. Hence, in view of Theorem 3, it is sufficient 
to assume that D is a quasilocal QQR-domain. If  D, and D, are proper ovcr- 
rings of D, we need only show that D, + D, is an overring of D. The integral 
closure B of D is a subset of D, and D, [6, Theorem 1.101. By Theorem 1.6 
of [6], D is a Prtifer domain, and hence a A-domain. Therefore D1 + D, is 
an overring of D 2 D. Q.E.D. 
Because of Theorem 3, we turn our attention to quasilocal domains. 
If  R is a subring of the ring S, then the conductor of R in S is the largest 
ideal of S which is contained in R. 
PROPOSITION 8. Let (D, M) be a quasilocal domain with integral closure D, 
where B is a valuation ying with unique maximal ideal &?. If the conductor of D 
in D- has radical x, then each overping of D compares with ii under inclusion. 
Proof. The method of proof is similar to the method used in [6, Theorem 
2.41. Let C be the conductor of D in iI, let K be the quotient field of D, and 
choose s E K - D. Then s-1 E Mm, so there is a positive integer n such that 
(s-l)” E C. Hence, for any t ED, t(s-I)” E C _C D, which implies that 
t E Dsn C D[s]. Therefore, lj Z D[s]. QED. 
COROLLARY 3. With the same hypothesis as in Proposition 8, D is a 
A-domain if and onl$ if D- is a A-extension of D. 
It is obvious that if the set of overrings of a ring R is linearly ordered by 
inclusion, then R is a A-ring. The next result gives, in a certain class of 
integral domains, necessary and sufficient conditions for this to happen. 
PROPOSITION 9. Let (D, &!I) he a quasi-local domain with integral closure 
a valuation ying (D, M). If M = M, then the following conditions are equivalent: 
(1) The set of overrings of D is linearly ordered by inclusion; 
(2) D zs a A-extension of D; 
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(3) ;f  k = D/M and 15 = D/m, then the set of subfields of k containing k 
is linearly ordered by inclusion. 
Proof. (1) -+ (2) is clear. 
(2) + (3): Proposition 7 implies that II is a A-extension of k, and 
Theorem 1 implies that the set of intermediate fields is linearly ordered by 
inclusion. 
(3) + (1): I f  Di is a ..%overring of D and if ki = D,jM, then the map 
Di + hi is a l-l correspondence between the set of subrings of B containing D 
and the set of subfields of k containing k. Let D, and D, be domains between 
D and D. Let k, and k, be the corresponding fields between K and k. We can 
assume that kl C k, . It follows that D, _C D, . By Proposition 8, each overring 
of D compares with D under inclusion. Therefore the set of overring of D 
is linearly ordered by inclusion. QED. 
bAMPLE 3. The converse of Theorem 5 does not hold. Let k and k, be 
fields such that k is algebraic over k, and such that k, is the only field properly 
between k and k,, . Let I’ be a valuation ring of the form k + M, where M is 
the maximal ideal of I’ (for example, Y .= k[[X]]). Let D 7 -7 k, $ M. By 
[6, Theorem 1 .lO], D is not a QQR-domain. But the set of overrings of D is 
linearly ordered under inclusion by Proposition 9. Hence D is a A-domain. 
EXAMPLE 4. It is possible to have a quasilocal domain (D, M), with 
integral closure (a, M) a valuation ring, that is not a A-domain. Let Q be the 
rationals, let k = Q( 42, d3), and let D be of the form k f  &I, where M IS 
the unique maximal ideal of ij. I f  D =-: Q + @, then the set of fields between 
D/M and D/M is not linearly ordered by inclusion. Therefore ?J is not a 
A-extension of D. 
EXAMPLE 5. The hypothesis “A is finite” in Proposition 4 (2) cannot be 
deleted. Suppose that k = GF(p) and that K = GF( p”“) = uz.,, GF( p”“), 
where p and q are prime integers. By Propositions 6 and 9, D .:-= k +- M, 
where M is the maximal ideal of K[[X]], is a A-domain. We show that 
S = OyV, Di , where Di = D for all i, is not a A-ring. 
Assume that S is a A-ring and let Oi denote a primitive element of GF( py”) 
over 14, for all i. Define two elements x and y  of the total quotient ring of S 
by x(i) = @a$ and y(i) = @i-l, for all i. Thus xy E S[x] ‘-+ S[y] implies that 
(c) xy = a, -/- a,x + .*a + a& + 6, -1 b,y + *** + b,y”, 
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where ai , b, E S. Equating the n-th coordinates of(c), we have 
__ e,O,,. L + ... T es@& , 
where di , ej E 0, We can write di -_- k, . f  m, and ei = ui -t n,; KS , ui E k 
and mi , lzi E M, for all i. Using the fact that K&M:-: (0), we conclude that 
Thus, for each positive integer n, 0, 12 is a root of a nonzero polynomial with 
coefficients in k(O,,-I) of degree < t. Hence 
(f) t >, [k(O,,) : k(O,,..,)] = [GF@J@“~) : GF(p”z”-l)] _- $‘+I, 
for each positive integer n, a contradiction. This shows that xy 6 S[x] $ S[y], 
and hence S is not a A-ring. 
We turn to a consideration of a special class of local domains. In this 
section and the next, these local domains will be used to illustrate several 
facts about the d-property. For the rest of this section we assume that 
D -7. K&X]] and D, - K + X*K[[X]], f  or each positive integer n. Each 
D, is a local ring with integral closure D. For n > 1, the conductor of D, 
in D is XqzD, an ideal of D with radical XI), the maximal ideal of D. Hence, 
by Corollary 3, D, is a A-domain if and only if D is a A-extension of D, . 
Moreover, from Proposition 7, D, is a A-domain if and only if DjXnD 2 
K[X]/(X%) is a A-extension of K. If  we define R, .= K[X]/(X”) and let s 
be the coset X -i- (X”) of R, , then it is clear that R, is an n-dimensional 
algebra over K with basis (1, s,..., s” -‘I, where s ti z.2 0. Moreover, there is a 
one-to-one order preserving correspondence between the set of K-subalgebras 
of R, and the set of subrings of D containing D, . 
LEMMA 13. Rj is a A-extention of K. 
Proof. Consider elements Y. = : a,+ a,s J a2s2 -+ sass + a,.@ and ,R -= 
b a + b,s -r b,s” + b,s3 -k bqs4, with ai and bi E K, of R, L We need only show 
that a/? E K[LY] -/- K[p] -:: K[cLJ + K[/$], where m1 :-- a: -- a, and & :I- 
,8 -- b, . 
I f  a, ;i- 0, then by the usual linear algebra argument (1, 01~ , G+~, ol,“, cur*> is 
linearly independent over K. Hence &3 E I?, .=- Kfol,] c K[ol,] + K[Q. 
Similarly, if b, -7” 0, then $I E K[@,] L K[ol,] f  K[S’J. Assume that a, = 
0 -= b, . Then LY#~ =: (a,, + a,)(b,, + PI) -= a,b, f  a& -t bOoI, + CQ& . Since 
aoboi-a,Pl-bo~lEKIolll +KD’ I J, , we need only show that ~i,kJ~K[&j f  K[&]. 
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But c&r = (uss2 + as.9 + a,s4)(b,s2 + b,s3 + b4s4) = a2b2s4. If a2 = 0 or 
6, = 0, we are finished. If a2 # 0 # b, , then a&I1 = b,/a,(aa2s4) = 
!J~/u~(o~~) E K[aJ + K&j. This completes the proof. Q.E.D. 
PROPOSITION 10. D, is a A-domain if and only if n < 5. 
Proof. By Lemma 13, R’, is a A-extension of K. Proposition 7 implies 
that R5/[(Xi)/(X5)] s R, is a A-extension of [K + (Xi)/(X5)]/[(Xi)/(X5)] g K, 
for i = 1,2, 3, 4. By the remarks preceding Lemma 13, D, is a A-domain for 
n < 5. If n > 6, then s5 $ K[s2] + K[s3], and hence D, is not a A-domain. 
Q.E.D. 
PROPOSITION 11. The set of overrings of D, is linearly ordered by inclusion 
if and only ifn < 3. 
Proof. There is no containment relation between the subalgebras K[s2] 
and K[s3] of R, , for n > 4. Thus, for n 3 4, the set of overrings of D, is not 
linearly ordered by inclusion. 
We show that the set of subalgebras of R, is linearly ordered by inclusion. 
Let 01 = a, + a,s + a2s2 and /I = b,, + b,s + b2s2, and define ai = 01 - a,, 
and j?, = j? - b, . If a, or b, is nonzero then, as in the proof of Lemma 13, 
K[ol] or K[/?] is RR, , and hence K[ol] C K[/3] or K[;B] Z K[N]. If a, = 4 = 0, 
it is clear that there is a containment relation between K[cc] and K[p]. It 
therefore follows that the set of overrings of D, is linearly ordered by 
inclusion. Q.E.D. 
The ring D, is an example of a local A-domain in which the set of overrings 
is not linearly ordered. Also note that the A-property is not transitive; D is a 
A-extension of D, and D, is a A-extension of D, , but D is not a A-extension 
ofD,. 
Our next example is closely related to the considerations above, and hence 
we omit the details of its verification. 
EXAMPLE 6. Let V be a rank one discrete valuation ring with quotient 
field K, let W = K[[q], let M = XW, and let D = V + M3. D is a quasi- 
local domain with integral closure V + M, a valuation ring; V + M is a 
A-extension of D, and V + M is a A-domain, but D is not a A-domain. In 
fact, if y is a nonzero nonunit of V, then y-lx2 $ D[ y-l] + D[X2]. 
5. T,--DOMAINS AND A-DOMAINS 
Let D be an integral domain with quotient field K. If A is an ideal of D, 
then the A-transform of D, denoted by T(A), is the set of elements s in K 
such that sA” C D for some positive integer n. T(A) is an overring of D, and 
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hence T(A) + T(B) is always a D-submodule of K. In an earlier paper [7], 
we were interested in determining conditions under which T(A) + T(B) 
is an overring of D. To study this problem we considered the following three 
conditions on D. 
(TJ T(A) + T(R) = T(AB) for all ideals A and B of D. 
(T,) T(A) + T(B) = T(AB) for all finitely generated ideals 
AandBofD. 
(Tz) T(A) 1 T(B) 7. T(AB) for all principal ideals A and B of D. 
In this section we wish to compare the T<-properties with the A-property. 
It is easy to see that a A-domain is a Ill-domain, for if x and y  are nonzero 
elements of D, then T(x) + T(y) = D[~/x] -I- D[l/y] = D[l/x, l/y] == 
D[l/xy] -: T(xy). In [7, Theorem 91 we proved that in a Soetherian domain 
D, the properties T1 , T, , T.a , and dim D < 1 are equivalent. The Ti- 
properties, however, do not imply the A-property. For example, the ring 8, ) 
(n > 5), constructed in Section 4 is a one-dimensional Pu’oetherian domain, 
and hence a T,-domain. By Proposition 10, D, is not a A-domain. 
Priifer domains satisfy properties Tz and T3 [7, Corollary 51, but do not 
necessarily satisfy property T1 [7, section 61. By Theorem 4, each Prtifer 
domain is a A-domain. Thus for each pair of ideals A and B of a Priifer 
domain D, T(A) + T(B) is an overring of D, but T(A) -j- T(B) is not 
necessarily equal to T(AB). We now give two types of domains in which the 
A-property is equivalent to the T,-properties. 
PROPOSITION 12. In a Krull domain D, the following are equivalent: 
(I) D is a Il;-domain; 
(2) D is a T,-domain; 
(3) D is a T,-domain; 
(4) D is a Dedekind domain; 
(5) D is a A-domain. 
Proof. The equivalence of (1) through (4) is proved in [7]. (4) --+ (5) by 
Theorem 4, and (5) + (3), since a A-domain is a Ta-domain. 
An almost Dedekind domain is defined by Gilmer in [2] to be a domain D 
such that DM is a Dedekind domain for each maximal ideal M uf D. Pirtle in 
[15] calls D an almost Krull domuin if Dp is a Krull domain for each prime 
ideal I’ of D. He then shows that D is an almost Krull domain if and only if 
D, is a Krull domain for each maximal ideal M of D. Clearly an almost 
Dedckind domain is an almost Krull domain. 
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PROPOSITION 13. In an almost Krull domain D, the following are equivalent: 
(I) D is a T,-domain. 
(2) D is a T,-domain. 
(3) D is an almost Dedekind domain. 
(4) D is a A-domain. 
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